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The standard ΛCDM model of cosmology is formulated as a simple modified gravity coupled to a
single scalar field (“darkon”) possessing a non-trivial hidden nonlinear Noether symmetry. The main
ingredient in the construction is the use of the formalism of non-Riemannian spacetime volume-
elements. The associated Noether conserved current produces stress-energy tensor consisting of two
additive parts – dynamically generated dark energy and dark matter components non-interacting
among themselves. Noether symmetry breaking via an additional scalar “darkon” potential intro-
duces naturally an interaction between dark energy and dark matter. The correspondence between
the ΛCDM model and the present “darkon” Noether symmetry is exhibited up to linear order w.r.t.
gravity-matter perturbations.

I. INTRODUCTION

The recent realization that the Universe expansion is
accelerating [1, 2] has puzzled cosmologists to this day
and has lead them to conjecture the existence of dark
energy (in the form of a non-zero cosmological constant
Λ) and cold dark matter (CDM) – called ΛCDM cosmo-
logical model. Even though the ΛCDM model presents
a good fit to the present observations, it has some con-
ceptual problems [3, 4] motivating us to explore other
possibilities for the dark sector. One enticing possibility
is a form of dynamical dark energy [5, 6] in which the
acceleration is induced by a scalar field, usually referred
to as quintessence models [7–21]. Dark matter can also
be described via a scalar field as weakly-interacting mas-
sive particles (WIMPs) – still undiscovered at colliders
and dark matter detection experiments. Models for dark
matter can also be based on other kinds of scalar fields.
This is for example the case of fuzzy dark matter [22].
Interaction between dark matter and dark energy was
considered in many cases [23–29]. Interacting scenarios
prove to be efficient in alleviating the known tension of
modern cosmology [30–45].

In order to provide a unified description of dark energy
and dark matter through a simple scalar field one can use
different extensions of the canonical scalar field action
[46–62]. Ref. [54] uses the formalism of non-Riemannian
spacetime volume-forms (NRVF – see Section II below)
in addition to the canonical Riemannian volume-element√
−g defined by the square-root of the determinant of

the Riemannian metric. This NRVF construction yields
a simple model of a modified gravity coupled to a sin-
gle scalar field with two main features: (i) It dynami-
cally generates non-zero cosmological constant as a free
integration constant not present in the original model;
(ii) It produces a non-trivial hidden nonlinear Noether
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symmetry of the modified scalar field action, whose as-
sociated conserved Noether current yields the CDM part
of the pertinent energy density. Thereby the scalar field
is called “darkon” and the associated nonlinear Noether
symmetry - “darkon” symmetry.

In the present paper we investigate the cosmological
solutions of the above “darkon” model. We show that
up to linear order of the metric and “darkon” field per-
turbations the hidden nonlinear “darkon” Noether sym-
metry yields energy density consisting of two separate
dark energy and dark matter contributions. Breaking
of the Noether symmetry is introduced by an additional
“darkon” field potential leading to an interaction between
dark energy and dark matter components. The implica-
tions of the breaking of “darkon” Noether symmetry for
a possible explanation of the cosmic tensions are briefly
discussed.

The plan of the paper is as follows. Section II briefly
introduces the main features of the NRVF formalism.
In Section III the basics of the “darkon” model are pre-
sented, specifically the emergence and the role of the hid-
den nonlinear “darkon” Noether symmetry, including the
dynamical generation of the dark matter component of
the energy density as a dust fluid flowing along geodesics.
Section IV describes the homogeneous cosmological solu-
tion of the unperturbed “darkon” model whereas in Sec-
tion V the perturbations of the latter are derived. In Sec-
tion VI a plausible form of a ΛCDM Noether symmetry-
breaking “darkon” potential is proposed and the corre-
sponding solutions compared with some observational
data. Finally, Section VII summarizes the results and
discusses possible solutions to the cosmic tensions using
the above formalism.

II. THE ESSENCE OF THE NON-RIEMANNIAN
VOLUME-FORM FORMALISM

Volume-forms define generally covariant integration
measures on differentiable manifolds (not necessarily Rie-
mannian ones, so no metric is needed) [63]. They are
given by nonsingular maximal-rank differential forms ω
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(for definiteness we will consider the case of D = 4 space-
time dimensions):∫

M
ω
(
. . .
)

=

∫
M
dx4 Ω

(
. . .
)

(1)

with:

ω =
1

4!
ωµνκλdx

µ ∧ dxν ∧ dxκ ∧ dxλ

ωµνκλ = −εµνκλΩ, (2)

Ω =
1

4!
εµνκλωµνκλ .

The conventions for the alternating symbols εµνκλ

and εµνκλ are: ε0123 = 1 and ε0123 = −1. The
volume-element density (integration measure density) Ω
transforms as scalar density under general coordinate
reparametrizations.

In standard generally-covariant theories the Rieman-
nian spacetime volume-form is defined through the tetrad
canonical one-forms eA = eAµ dx

µ (A = 0, 1, 2, 3):

ω = det ‖eAµ ‖ dx0 ∧ dx1 ∧ dx2 ∧ dx3 , (3)

which yields:

Ω = det ‖eAµ ‖ =
√
−det ‖gµν‖ . (4)

Instead of
√
−gd4x we can employ another alternative

non-Riemannian volume-element as in (1) given by a
non-singular exact 4-form ω = dB where:

B =
1

3!
Bµνκdx

µ ∧ dxν ∧ dxκ. (5)

Therefore, the corresponding non-Riemannian volume-
element density

Ω ≡ F(B) =
1

3!
εµνκλ ∂µBνκλ. (6)

is defined in terms of the dual field-strength scalar density
of an auxiliary rank 3 tensor gauge field Bµνκ.

The systematic application of non-Riemannian
volume-elements to construct modified gravity-matter
models was originally proposed in Refs.[64–68], with a
subsequent concise geometric formulation in [69, 70]. Let
us particularly note the following important property
of Lagrangian action terms involving (one or more
independent) non-Riemannian volume-elements as in
(6) alongside with the canonical Riemannian volume
element :

S =

∫
d4x

∑
j

F(B(j))L(j) +

∫
d4x
√
−gL . (7)

The equations of motion of (7) with respect to the aux-
iliary tensor gauge fields B(j)

µνκ according to (6) imply:

∂µL(j)(other fields) = 0 → L(j)(other fields) =Mj ,
(8)

where Mj are free integration constants not present in
the original action (7).

The appearance of the free integration constants in
(8) plays instrumental role in the application of the
NRVF formalism as a basis for constructing modified
gravity-matter models describing unified dark energy and
dark matter scenario [54, 71] (see also Section III be-
low), quintessential cosmological models with gravity-
assisted and inflaton-assisted dynamical suppression (in
the “early” universe) or dynamical generation (in the
post-inflationary universe) of electroweak spontaneous
symmetry breaking and charge confinement [72–74], as
well as a novel mechanism for the supersymmetric Brout-
Englert-Higgs effect (dynamical spontaneous supersym-
metry breaking) in supergravity [69]. For a systematic
numerical study of some of the cosmological models pro-
posed above on the basis of NRVF formalism, see [75, 76].

III. HIDDEN NONLINEAR NOETHER
SYMMETRY

A. “Darkon” Model

Our starting point is a modified gravity-matter model
where the scalar field action consists of two terms –
one coupled to the standard Riemannian volume-element
(4) and a second one coupled to a non-canonical non-
Riemannian one (6) (using units with 16πGNewton = 1):

S =

∫
d4x

[√
−g
(
R+X −V1(φ)

)
+F(B)

(
X −V2(φ)

)]
,

(9)
where R is the Ricci scalar, and X is the kinetic term of
a scalar field:

X ≡ −1

2
gµν∂µφ∂νφ . (10)

The model (9), first considered in Refs.[54, 71], is
a simple special case of the broad class of modified
gravity-matter models based on the NRVF formalism as
in Eq.(7).

We can equivalently reformulate the action (9) as:

S =

∫
d4x
√
−g
(
R− U(φ)

)
+

∫
d4x

(√
−g + F(B)

)(
X − V (φ)

)
(11)

using the notations:

V ≡ V2 , U ≡ V1 − V2 . (12)

Let us point out that the Riemannian metric gµν en-
tering Eqs.(9) or (11) is the physical "Einstein-frame"
metric to which other generic matter field do couple, ex-
cluding the specific non-generic scalar field φ entering
(11) which plays a special role in the present construc-
tion to describe dark matter (see next subsection). Thus,
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other generic fields u which could be added, will appear
in the action (11) as:

S =

∫
d4x
√
−g
[
R− 1

2
gµν∂µu∂νu+ . . .

]
+

∫
d4x

[√
−g
(
X − V (φ)− U(φ)

)
+ F(B)

(
X − V (φ)

)]
.

(13)

Thus, the canonical energy-momentum tensor for the
generic field u (from the first line in (13)) will be obvi-
ously conserved and, therefore, u will follow the standard
minimally coupled equations w.r.t. the original metric
gµν , i.e., which can be considered as the equivalence prin-
ciple for u in (13) is satisfied and there are no 5-th force
effects with respect to these additional fields u. We will
latter address the issue of the fifth force for the effective
dust that is generated by the modified measure theory.

The above case is in contrast w.r.t. other modified
gravity models based on the non-Riemannian volume-
form formalism [64–70], where the scalar curvature R in
the initial modified gravity action couples to certain non-
Riemannian volume element

∫
d4xF(B)R+ . . . (cf. (6)-

(7)), and where the physical Einstein-frame metric g(EF )
µν

is different from the initial metric gµν – it is obtained
upon conformal transformation:

gµν → g(EF )
µν =

F(B)√
−g

gµν . (14)

Variation of the action (11) w.r.t. auxiliary gauge field
Bµνκ inside F(B) (6) yields (cf. the general Eq.(8)):

∂µ

(
X − V (φ)

)
= 0 → X − V (φ) = −2M, (15)

where M is free integration constant not present in the
original action (11).

The variation of (11) w.r.t. scalar field φ can be written
in the following suggestive form:

∇µJµ = −
√

2XU ′(φ) , (16)

Jµ ≡ −
(
1 + χ

)√
2X∂µφ , χ ≡ F(B)√

−g
. (17)

The dynamics of φ is entirely determined by the dynami-
cal constraint (15), completely independent of the poten-
tial U(φ). On the other hand, the φ-equation of motion
written in the form (16) is in fact an equation determin-
ing the dynamics of χ.

The energy-momentum tensor Tµν in the Einstein
equations following from (11) (Rµν − 1

2gµνR = 1
2Tµν),

upon taking into account (15) and (17), reads:

Tµν = gµν
(
−2M − U(φ)

)
+ (1 + χ)∂µφ∂νφ . (18)

Both (18) and (17) can be represented in a relativistic
hydrodynamical form for an ideal fluid:

Tµν = ρ0uµuν + gµν p̃ , Jµ = ρ0uµ (19)

where uµ is the fluid velocity unit vector:

uµ ≡ −
∂µφ√
2X

(note uµuµ = −1 ) ; (20)

the energy density ρ̃ and pressure p̃ are given as:

ρ̃ = ρ0 + 2M + U(φ) , p̃ = −2M − U(φ) (21)

with:

ρ0 ≡ (1 + χ)2X = ρ̃+ p̃ . (22)

Energy-momentum conservation ∇νTµν = 0 implies:

∇µ
(
ρ0uµ

)
= −
√

2X U ′(φ)
(
Eq.(16)

)
, uν∇νuµ = 0 ,

(23)
the last Eq.(23) meaning that the matter fluid flows along
geodesics.

Notice now that the issue of the 5th force exists for the
effective dust generated by the theory, and there will be
5th force if the potential that appears in the first eq. in eq
(23), (or (16)) is not flat, since the dust is not conserved
then, which obviously mean an interaction between the
scalar field and the dust (5th force), even though the
four velocity satisfies the geodesic equation, ie the equiv-
alence principle is satisfied (second eq, in eq (23)). The
particles obey the equivalence principle, but the particle
number is not conserved, the 5th force manifests itself by
particle creation or destruction (depending on the sign of
the potential ) of our effective dust. Notice that in this
case the departure from ΛCDM (departure from constant
potential) is correlated with the appearance of 5th force
(because of the non constant potential). Notice that the
Noether symmetry that we will discuss in the next section
holds only if the potential U is constant, so the Noether
symmetry guarantees the absence of a fifth force. Notice
that there are not very strong bounds in cosmology for
a fifth force, although in the range of laboratory experi-
ments there are.

B. Hidden Nonlinear Noether Symmetry

In Ref.[54] a crucial property of the model (11) has
been uncovered for the special case with the potential
U(φ) = 0:

S(0) =

∫
d4x

[√
−gR+

(√
−g + F(B)

)(
X − V (φ)

)]
.(24)

The variation with respect to the scalar field yields a
conserved current (cf. Eqs.(16)-(17)):

∇µJµ = 0 , Jµ = −
(
1 + χ

)√
2X∂µφ = ρ0uµ . (25)

Jµ (25) is a genuine Noether conserved current of the ac-
tion (24) corresponding to the following hidden strongly
nonlinear symmetry transformations:

δεφ = ε
√
X, δεgµν = 0 ,

δεBµ = −ε 1

2
√
X
φ,µ
(
Φ(B) +

√
−g
)
, (26)
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with Bµ ≡ 1
3!ε

µνκλBνκλ. Under (26) the action (24)
transforms as total derivative of:

δεS
(0) =

∫
d4x ∂µ

(
L(ϕ,X)δεBµ

)
. (27)

The existence of the hidden Noether symmetry (26) of the
action (24) does not depend on the specific form of the
potential V (φ) in the scalar field Lagrangian. The only
requirement is that the kinetic term X must be positive.

The hidden Noether symmetry (26) is valid also for the
action (11) in the particular case U(φ) = const.

The energy-momentum tensor corresponding to S(0)

(24), i.e., Eq.(19) with (21) for U(φ) = 0, simplifies to:

T (0)
µν = ρ0uµuν − 2Mgµν ≡

(
ρ+ p

)
+ gµνp, (28)

with ρ0 as in (22). Now the fluid tension p = −2M is
constant and negative, whereas the (total) fluid energy
density ρ = ρ0+2M , so that ρ0 (21) and 2M are the rest-
mass and internal fluid energy densities, respectively (for
general definitions, see e.g. [77]).

The energy-momentum tensor (28) is an exact sum of
two additive parts with the following interpretation of
ρ and p in(28) according to the standard ΛCDM model
[78–80]:

p = −2M = pDM + pDE , ρ = ρ0 + 2M = ρDM + ρDE .
(29)

Namely, taking into account (25) and last Eq.(23) we
have:

• Dark energy part ρDE = −pDE = 2M , which arises
due to the dynamical constraint on the scalar field
Lagrangian (15).

• Dark matter part pDM = 0 and ρDM = ρ0 ≡
(1 + χ)2X, i.e., dark matter appears as a dust-like
fluid flowing along geodesics and with conserved
particle number density.

The above interpretation justifies the alias “darkon” for
the scalar field φ. Let us specifically emphasize that both
dark energy and dark matter components of the energy
density have been dynamically generated thanks to the
non-Riemannian volume-element construction – both due
to the appearance of the free integration constantM and
of the hidden nonlinear Noether symmetry.

On the other hand, when we start with the initial ac-
tion (11) with the addition of a Noether symmetry break-
ing potential U(φ) 6= 0, Eqs.(19)-(21) tell us that U(φ)
triggers an interaction (energy transfer) between the dark
energy and dark matter components due to the “darkon”
φ-dynamics:

ρDE = −pDE = 2M + U(φ) ,

ρDM = ρ0 ≡
(
1 + χ

)
2X , pDM = 0 . (30)

Dark matter fluid is again dust-like fluid flowing along
geodesics (second Eq.(23)), however now because of the
breakdown (first Eq.(23) – non-conservation of Jµ (17))
of the hidden nonlinear Noether symmetry the dark mat-
ter particle number density is not any more conserved.

IV. HOMOGENEOUS UNPERTURBED
EVOLUTION

Let us now perform a reduction of the action (11) to the
FLRW (Friedmann-LeMaitre-Robertson-Walker) metric:

ds2 = −dt2 + a(t)2δijdx
idxj (31)

Variation of (11) w.r.t. B yields the FLRW-reduced form
of the dynamical constraint (15):

d

dt

(1

2

.

φ
2
−V (φ)

)
= 0 → 1

2

.

φ
2
−V (φ) = −2M .

(32)
Taking time-derivative of (32) implies:

..

φ= V ′(φ) , (33)

note the opposite sign in the “force” term on the r.h.s. of
(33). According to (32) the solution for φ(t) reads:∫ φ(t)

φ(0)

dφ√
2
(
V (φ)− 2M

) = t . (34)

The equation of motion of (11) w.r.t. φ is equivalent
to the FLRW-reduction of (16), which amounts to an
equation for the dark matter energy density ρ0:( d

dt
+ 3H

)
ρ0 +

d

dt
U(φ) = 0 ,(35)

ρ0(t) ≡ (1 + χ)
.

φ
2
=

c0
a3(t)

− 1

a3(t)

∫
dt′a3(t′)

.

U (t′) .(36)

Here c0 is an integration constant,
.

U≡ U ′(φ)
.

φ, and
χ ≡

.

B /a3 is the FLRW-reduced form of the ratio of
volume-element densities χ ≡ F(B)√

−g (last Eq.(17)).
In the case of U(φ) = 0 when the nonlinear “darkon”

Noether symmetry is intact Eqs.(35)-(36) reduce to:( d
dt

+ 3H
)
ρ0 = 0 → ρ0 ≡ (1 + χ)

.

φ
2
=
c0
a3

. (37)

where the Hubble parameter H =
.
a
a . The last Eq.(37)

explicitly exhibits the dust-like nature of the “darkon”
dark matter energy density ρ0.

The Friedmann equations read accordingly:

6H2 = ρ̃ , ρ̃ = ρ0 + 2M + U(φ)(38)
.

H= −1

4

(
ρ̃+ p̃

)
≡ −1

4
ρ0 , p̃ = −2M − U(φ) ,(39)

where ρ̃ and p̃ are as in (19)-(21) and ρ0 is given now by
the homogeneous solution (36).

In the case of U(φ) = 0 when the nonlinear “darkon”
Noether symmetry is intact, taking into account (37),
Eqs.(38)-(39) simplify to:

6H2 = ρ, ρ = ρ0 + 2M ≡ c0
a3

+ 2M , (40)

.

H= −1

4

(
ρ+ p

)
≡ − c0

4a3
, p = −2M . (41)
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For comparison with the observational data it is conve-
nient to rewrite Eqs.(34)-(36) and (38) in terms of func-
tion w.r.t. red-shift variable z:

1 + z =
a0

a(t)
,

d

dt
= −(1 + z)H(z)

d

dz
, (42)

as follows:

• Eq.(34) is equivalent to introducing the “darkon”
field redefinition:

φ → φ̃ = φ̃(φ) ,
∂φ̃

∂φ
=
[
2
(
V (φ)− 2M

)]−1/2

, (43)

so that:(dφ̃
dt

)2

= 1 → dφ̃

dz
= − 1

(1 + z)H(z)
. (44)

• Eq.(35) is equivalent to:

d

dz
ρ0(z)− 3

1 + z
ρ0(z) +

d

dz
U
(
φ̃(z)

)
= 0 , (45)

with a solution corresponding to (36):

ρ0(z) =
c0
a3

0

(1+z)3− (1+z)3

∫ z

dζ(1+ ζ)−3 d

dζ
U
(
φ̃(ζ)

)
.

(46)

• The Friedmann Eqs.(38)-(39) are equivalent to:

6H2(z) = ρ0(z) + 2M + U
(
φ̃(z)

)
, (47)

d

dz
H2(z) =

2

1 + z
ρ0(z) , (48)

with ρ0(z) as in (46).

For the sake of confronting the observational data,
Eq.(47) may be rewritten in terms of the various den-
sity Ω-parameters:

H2(z) = H2
0

[
Ωdm(z) + Ω

(0)
Λ + Ω

(1)
Λ (z)

+Ω(0)
r (1 + z)4

]
, (49)

where Ωdm(z) stands for the “darkon” dark matter den-
sity parameter:

Ωdm(z) ≡ ρ0(z)

6H2
0

, Ω′dm(z)− 3

1 + z
Ωdm(z) + Ω

(1)′

Λ (z) ;

(50)
for the dark energy density parameter:

Ω
(0)
Λ ≡ 2M

6H2
0

, Ω
(1)
Λ (z) ≡

U
(
φ̃(z)

)
6H2

0

; (51)

and where also the contributions of radiation Ω
(0)
r and

baryon matter Ω
(0)
b have been added.

Let us recall that the presence of the “darkon” potential
U breaks the hidden nonlinear “darkon” Noether symme-
try (16) (or (35) within the FLRW framework) embody-
ing the ΛCDM character of the original “darkon” model
(24), so that the appearance of Ω

(1)
Λ (z) in (49)-(50) sig-

nifies deviation from ΛCDM.

V. PERTURBATIONS

Let us now consider scalar perturbations of the FLRW
metric (31) (in Newtonian gauge):

ds2 = −(1 + 2Ψ)dt2 + a(t)2(1− 2Ψ)δijdx
idxj , (52)

together with perturbarions of the fields:

φ = φ̃(t) + δφ(t, ~x) , χ = χ̃(t) + δχ(t, ~x) , (53)

where φ̃ and χ̃ are the unperturbed (“background”) solu-
tions for φ and χ from Eqs.(34)-(37), as well as pertur-
bations of the energy density and pressure:

ρ = ρ̃(t) + δρ(t, ~x) , p = p̃(t) + δp(t, ~x) , (54)

where ρ̃ and p̃ are the unperturbed background values of
ρ and p in (38) and (39). Explicitly:

δρ = δρ0 + U ′ δφ , δp = −U ′ δφ . (55)

δρ0 = ρ0
δχ

1 + χ̃
+ 2(1 + χ̃)V ′ δφ . (56)

The perturbation of fluid velocity unit vector (20)
reads:

δuµ = (−Ψ, δui) , δui = −∂iδφ.
φ

(57)

The perturbation of the dynamical constraint Eq.(15)
around the FLRW background::

φ̇δφ̇− φ̇2Ψ− V ′(φ)δφ = 0 (58)

or, equivalently using (33):

δ
.

φ=
.

φ Ψ +

..

φ
.

φ
δφ (59)

yields solution for δφ(t, ~x):

δφ(t, ~x) =
.

φ
[∫

dt′Ψ(t′, ~x) + C0(~x)
]

(60)

with C0(~x) some infinitesimal function of the spacelike
coordinates.

The perturbations of the stress-energy tensor compo-
nents (18) read:

δT 0
0 = −δρ = −δρ0 − U ′ δφ , (61)

δT i0 = − 1

a2
ρ0δui =

1

a2
ρ0
∂iδφ
.

φ
, (62)

δT ij = −δijδp = δijU
′ δφ . (63)

Let us now consider the zeroth component of the per-
turbed energy-momentum conservation equation (cf. e.g.
[81]):

∂0δT
0
0 + ∂iδT

i
0 + 3HδT 0

0 −HδT ii

− ρ0

2a2

( d
dt
δgii − 2Hδgii

)
= 0 , (64)

δgij ≡ −2Ψ a2δij ,
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which upon inserting (61)-(63) becomes:( d
dt

+ 3H
)
δρ+ 3Hδp− ρ0

a2
.

φ
∇2δφ− 3ρ0

.

Ψ= 0 . (65)

Introducing the dark matter energy density contrast:

δDM ≡
δρ0

ρ0
(66)

and using Eq.(65) by taking into account (35) and last
Eq.(55) we obtain:

d

dt
δDM −

∇2δφ

a2
.

φ
− 3

.

Ψ −
.

U

ρ0
δDM +

1

ρ0

d

dt

(
U ′ δφ

)
= 0 .

(67)
Applying time-derivative d

dt on Eq.(67) and using Eq.(59)
– specific perturbation equation for the present “darkon”
model of dynamical dark matter, as well as using one of
the perturbed Einstein equations for the metric pertur-
bation component Ψ (see e.g. [82]):

1

a2
∇2Ψ =

1

4

(
δρ0 + U ′ δφ− 3aHρ0δφ

)
, (68)

we obtain the second-order differential equation for the
dark matter contrast:

d2

dt2
δDM + 2H

d

dt
δDM +

1

4
ρ0δDM

−3
[
Ψ̈ + 2HΨ̇− 1

4
aHρ0δφ

]
=

1

4
U ′ δφ−

( d
dt

+ 2H
)[ 1

ρ0

d

dt

(
U ′ δφ

)
−

.

U

ρ0
δDM

]
.(69)

Recall that ρ0 and δφ are explicitly given by (35) and
(60), respectively.

In the case U(φ) = 0 (or U(φ) = const) when the
“darkon” nonlinear Noether symmetry is intact (25), the
r.h.s. of Eq.(69) vanishes and it reduces to:

d2

dt2
δDM + 2H

d

dt
δDM +

1

4
ρ0δDM

−3
[
Ψ̈ + 2HΨ̇− 1

4
Haρ0δφ

]
= 0 ,

(70)

where ρ0 is now given by (37) and δφ is expressed through
the metric perturbation Ψ according to (60). Eq.(70) is
the general relativistic form of the equation for the dark
matter density contrast over ΛCDM FLRW background.
In the subhorizon limit where the metric perturbation Ψ
is small [82] the terms in the square brackets on the l.h.s.
of (70) can be ignored, so that the latter simplifies to
the familiar form of the equation for the energy density
contrast of generic dark matter perturbations on ΛCDM
background in the Newtonian limit [82] (recall, we are
using units with 16πGNewton = 1):

d2

dt2
δDM + 2H

d

dt
δDM +

1

4
ρ0δDM = 0 . (71)

In terms of redshift z Eq.(69) takes the form:

δ′′DM + δ′DM

(H ′(z)
H(z)

− 1

1 + z

)
+

ρ0(z)δDM
4(1 + z)2H2(z)

=
d

dz

(U ′(z)
ρ0(z)

δDM

)
+
U ′(z)

ρ0(z)
δDM

(H ′(z)
H(z)

− 1

1 + z

)
,(72)

with primes indicating d
dz and where ρ0(z), H2(z), H ′(z)

are to be replaced by the expressions (46), (47) and (48),
respectively. Here again, as in (71) above, the subhorizon
approximation (Newtonian limit) [82] was used (i.e., the
terms involving the metric perturbation Ψ are ignored).

Let us recall that the growth rate function is definded
as:

f ≡ d ln δ

d ln a
or f ≡ δ′

δ
, (73)

with δ = δρ/ρ denoting the pertinent matter density
contrast, which depicts how quickly the perturbations
evolve. Typically, observational data on the growth of
structure are presented as constraints on the parameter

fσ8(z) = −(z + 1)σ8(0)
δ′(z)

δ(0)
, (74)

which can directly be extracted from redshift space dis-
tortion data. The σ8(0) is the present amplitude of the
matter power spectrum at the scale of 8h−1Mpc [83, 84].

VI. STATISTICAL ANALYSIS

In order to assess the viability of the model, we con-
front it with the observational data the solutions for
Eq.(49) (the homogeneous one within the FLRW frame-
work) and Eq.(69) (for the perturbations above the
FLRW background).

We examine the following “darkon” Noether symmetry-
breaking potential (with φ̃ – the redefined “darkon” field
(43)):

U(φ̃) = 2Mβ2φ̃ . (75)

For the limit β → 0 the potential goes to zero, and we
recover the ΛCDM model both in the homogeneous so-
lution as well as on the linear perturbation level.

We test the solutions that are provided by the present
“darkon” model with two data sets: the direct measure-
ments of the Hubble expansion[85, 86] and the growth
rate data set [87–93].

The direct measurements of the Hubble expansion set
contains N = 36 measurements of the Hubble expansion
in the redshift range 0.07 ≤ z ≤ 2.33. 5 measurements
are based on Baryonic Acoustic Oscillations (BAOs), and
the other estimated via the differential age of passive
evolving galaxies. Here, the corresponding χ2

H function
reads:

χ2
H = HC−1

H,covH
T , (76)
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FIG. 1. The corner plot of the potential (75) with the direct measurements of the Hubble expansion and the growth matter data.

Potential Ω0
m H0

km/s
Mpc

) Ω0
Λ β σ8 χ2

(75) 0.38 ± 0.013 69.04±1.75 0.638±0.04 0.46±0.03 0.882±0.178 84.56
Flat (ΛCDM) 0.334±0.012 66.07±0.877 0.6796±0.0194 0 0.913±0.015 96.12

TABLE I. Observational constraints and the corresponding χ2 for the considered cosmological models.

where H = {H1 −H0E(z1, φ
ν) , ... , HN −H0E(zN , φ

ν)}
and Hi are the observed Hubble rates at redshift zi
(i = 1, ..., N). The matrix C denotes the covariance ma-
trix, and φν denotes the other parameters on which the
Hubble rate depends.

A model-independent cosmological probe, the fσ8

product, is estimated from the analysis of redshift-space
distortions [93, 94]. There is a big number of data points.
We choose to use a compilation of fσ8 data that checked
in terms of its robustness using information theoretical

methods. The relevant chi-square function reads

χ2
fσ8 = fσ8C−1

fσ8,cov fσ8T , (77)

where fσ8(ai, φ
ν+1)theor = σ8δ

′(ai, φ
ν)/δ(1, φν)ai and a

prime denotes derivative of the scale factor a with the
corresponding correlation matrix. The quantity σ8 is a
free parameter. The statistical vector φν contains the
other free parameters of the statistical model. The values
δ′(ai), δ(1) are calculated by the numerical solution of
Eq. Eq.(69) for a given set of cosmological parameters.

To obtain the joint constraints on the cosmological pa-
rameters from 2 cosmological probes, we define the total
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χ2
tot expression:

χ2
tot = χ2

H + χ2
fσ8 . (78)

Regarding the problem of data fit, we use a nested
sampler as it is implemented within the open-source
Polychord [95] with the GetDist packaged [96] to present
the results. The prior we choose is with a uniform dis-
tribution, where Ωm ∈ [0.2; 0.4], ΩΛ ∈ [0.5; 0.8], σ8 ∈
[0.5; 1.2], H0 ∈ [65; 75] and β ∈ [0; 0.5] for the “darkon”
model.

Fig. 1 presents the corner plot of the joint statistical
analyses. Table I summarizes the joint statistics. One
can see that the σ8 that the potential (75) predicts is
closer to the value predicted by PLANCK collaboration
σ8 = 0.811± 0.006 and H0 = 67.4± 0.5km/s/Mpc. The
χ2 per degrees of freedom for the “darkon” model yields
1.023, while for ΛCDM the χ2 per degrees of freedom
gives 0.899. The fit is better when the Noether Symmetry
is preserve.

VII. CONCLUSIONS

This paper connects the standard ΛCDM model of cos-
mology to the hidden nonlinear Noether symmetry of a
simple modified gravity-matter model with a single scalar
field based on the formalism of non-Riemannian space-
time volume-elements. Via the Noether symmetry of its
modified action the scalar field, called “darkon”, dynam-
ically generates both cosmological constant (not present
in the original action), as well as dust-like dark mat-

ter component of the pertinent stress-energy tensor –
a simplest explicit realization of the ΛCDM framework.
Adding Noether symmetry-breaking “darkon” potential
introduces interaction (energy transfer) between dark en-
ergy and dark matter.

We calculate up to linear order of perturbations the so-
lution for the above theory confirming that in the absence
of “darkon” Noether symmetry breaking the known equa-
tion for the dark matter density contrast for the ΛCDM
scenario is recovered.

We also studied the homogeneous background and lin-
early perturbed solutions with a specific plausible choice
of “darkon” Noether symmetry-breaking potential. Using
the direct measurements of the Hubble expansion and the
growth matter perturbations data we find that our fit is
closer to Planck data, and the χ2/Dof is not significantly
higher. However, to alleviate the cosmic tensions com-
pletely we should test more data sets as pantheon Type
Ia supernova and measurements from the early universe
as the CMB data.
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